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Abstract

This paper presents a framework for simulating railway vehicle and track interaction in cross-wind. Each 4-axle

vehicle in a train is modeled by a 27-degree-of-freedom dynamic system. Two parallel rails of a track are modeled as two

continuous beams supported by a discrete-elastic foundation of three layers with sleepers and ballasts included. The

vehicle subsystem and the track subsystem are coupled through contacts between wheels and rails based on contact

theory. Vertical and lateral rail irregularities simulated using an inverse Fourier transform are also taken into

consideration. The simulation of steady and unsteady aerodynamic forces on a moving railway vehicle in cross-wind is

then discussed in the time domain. The Hilber–Hughes–Taylor a-method is employed to solve the nonlinear equations

of motion of coupled vehicle and track systems in cross-wind. The proposed framework is finally applied to a railway

vehicle running on a straight track substructure in cross-wind. The safety and comfort performance of the moving

vehicle in cross-wind are discussed. The results demonstrate that the proposed framework and the associated computer

program can be used to investigate interaction problems of railway vehicles with track in cross-wind.
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1. Introduction

Dynamic response of railway vehicles running on a railway track has been a subject of great interest to vehicle

designers, maintenance engineers, as well as track designers for many years. This interest is motivated by the desire to

improve ride quality, to reduce wear to vehicle and track components, to prevent vehicle hunting and, most important

of all, to ensure safe operation. With ever-increasing trailing tonnage and higher running speeds, it becomes more

important to further improve the performance of railway vehicles and their suspension system.

Early studies (Jenkins et al., 1974; Newton and Clark, 1979; Grassie et al., 1982) on vibration of a railway track under

moving vehicles did not take into consideration the coupling effects between vehicles and railway track. Later, several

models were developed to consider the coupling of vehicles and railway track (Cai and Raymond, 1992; Dahlberg, 1995;

Nielsen, 1993; Zhai and Sun, 1994). For instance, Cai and Raymond (1992) reported a track dynamic model with one

bogie to examine the effect of various wheel and rail defects on dynamic responses. Zhai and Sun (1994) presented a

more detailed coupled model in which the wagon with two bogies was represented by two multi-body systems and the
e front matter r 2005 Elsevier Ltd. All rights reserved.
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track was modeled as an infinite Euler beam supported on a discrete-elastic foundation consisting of three layers with

sleeper and ballast included. Furthermore, the coupled vehicle–track model in the vertical direction was extended to

include interactive vibration of vehicle and track in the lateral direction (Zhai et al., 1996; Diana et al., 1994). A review

report on modelling vehicle and track interaction can be found in Knothe and Grassie (1993).

The aerodynamic forces on a railway vehicle moving through a cross-wind may be sufficiently large to overturn the

vehicle. To be able to guarantee comfort and safety for a vehicle in cross-wind, one has to understand the effects of

cross-winds on the dynamic interaction between the vehicle subsystem and the track subsystem. However, compared

with studies on vehicle and track interaction, researches on the interaction of vehicles with track in cross-wind are

relatively few. Balzer (1977) developed a theory to estimate aerodynamic forces on a moving vehicle, in which Taylor’s

hypothesis of ‘‘frozen turbulence’’ was employed. For engineering applications, Cooper (1984) proposed the power

spectral density (PSD), square-root coherence function, phase-lag function and aerodynamic admittance function for

unsteady side forces on a moving vehicle and laid down a foundation for investigating wind effects on a moving vehicle

in the frequency domain. Baker (1991a,b) further investigated both steady and unsteady aerodynamic forces on a

variety of vehicles and carried out extensive studies on the interaction between aerodynamic forces and moving vehicles.

This study focuses on the simulation of dynamic response of railway vehicles running on a track in cross-wind in the

time domain. Each 4-axle vehicle in a train is modeled by a 27-degree-of-freedom dynamic system. Two parallel rails of

a track are modeled as two continuous beams supported by a discrete-elastic foundation of three layers with sleepers

and ballasts included. The vehicle subsystem and the track subsystem are coupled through contacts between wheels and

rails based on the contact theory. Vertical and lateral rail irregularities simulated using an inverse Fourier transform are

also taken into consideration. The steady and unsteady aerodynamic forces on a moving railway vehicle in cross-wind

are derived and simulated in the time domain. The Hilber–Hughes–Taylor a-method is employed to solve the nonlinear

equations of motion of coupled vehicle and track systems in cross-wind. The proposed framework is finally applied to a

railway vehicle running on a straight track substructure in cross-wind. The safety and comfort performance of the

moving vehicle in cross-wind are discussed.
2. Vehicle–track interaction model

In this study, the coupled vehicle and track system is first divided into two subsystems: the vehicle subsystem and the

track subsystem. The dynamic model is then established for each subsystem. The two subsystems are finally coupled

through contacts between wheels and rails based on contact theory, in which rail irregularities are included but

suspension stops and wheel lift-off are not considered. Since the coupled vehicle and track system is considered in cross-

wind, the motions of the coupled vehicle–track system in both the vertical and lateral directions are reflected in the

modelling.

2.1. Modelling of vehicle subsystem

A 4-axle railway vehicle with two suspension systems, which is a common railway vehicle used in China, is taken as

an example to demonstrate the modelling of vehicle subsystem (see Fig. 1). The vehicle consists of a car body, two

bogies, four wheel-sets, and the connections between the three components. To simplify the analysis but with enough

accuracy, the following assumptions are used in the modelling of the vehicle subsystem:
(i)
 the vehicle is running on a straight railway track at a constant velocity VT;
(ii)
 the car body, bogies and wheel-sets are regarded as rigid components, neglecting their elastic deformation during

vibration;
(iii)
 the connections between a bogie and a wheel-set are characterized by two linear springs and two viscous dashpots

of the same properties in either the horizontal direction or the vertical direction, named the first suspension system;
(iv)
 the connections between the car body and a bogie are represented by two linear springs and two viscous dashpots

of the same properties in either the horizontal direction or the vertical direction, named the secondary suspension

system.
The car body or each bogie is assigned five degrees of freedom: the vertical displacement Y, the lateral displacement

Z, the roll displacement y, the yaw displacement j, and the pitch displacement f with respect to its mass center. Each

wheel-set has three degrees of freedom: the vertical displacement Yw, the lateral displacement Zw, and the roll

displacement yw with respect to its mass center. As a result, the total degrees of freedom of the vehicle are 27. The nodal
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Fig. 1. Modelling of vehicle and track interaction in cross-wind.
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displacement vector of the vehicle can be written as

XT
v ¼ fX

T
c ;X

T
t1;X

T
t2;X

T
w1;X

T
w2;X

T
w3;X

T
w4g, (1)

where Xv is the 27� 1 displacement vector of the vehicle; Xc, Xt, Xw are the displacement vectors of the car body, bogies,

and wheel-sets, respectively; the subscript 1 or 2 indicates the first bogie (or wheel-set) and the second bogie (or wheel-

set), respectively; and the superscript T indicates the transpose operation. By assuming that displacement responses of

vehicle components are small, the equation of motion of the vehicle subsystem with respect to the static equilibrium

position can be derived using the Lagrangian approach as follows:

Mv
€X v þ Cv

_X v þ KvX v ¼ Fc
v þ Fw

v , (2)

where Mv, Cv, Kv are the 27� 27 mass, stiffness and damping matrices of the vehicle subsystem, respectively; each dot in

the vector Xv denotes the partial differentiation with respect to time t; Fc
v is the vector of forces exerted by the track

subsystem on the vehicle subsystem with respect to the mass center of the wheel-set; and Fw
v is the vector of wind forces

acting on the car body with respect to its mass center. The detailed derivation of Eq. (2) can be referred to the literature

(Xu et al., 2004) while the two force vectors will be discussed in the subsequent sections.

2.2. Modelling of track subsystem

The track subsystem consists of rails, sleepers, and ballasts. The two parallel rails of the track are modeled as two

continuous beams supported on a discrete-elastic foundation consisting of three layers with sleepers and ballasts

included (see Fig. 1). In consideration that the frequency range of interest for the coupled vehicle–track system in cross-

wind is below 30Hz, sleepers and ballasts can be regarded as rigid bodies. The connections between the rails and the
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sleepers are represented by linear springs and viscous dashpots of the same properties in either the horizontal direction

or the vertical direction. The connections between the sleepers and the ballasts are represented by linear springs and

viscous dashpots of the same properties in the vertical direction. The horizontal stiffness and damping of both the

sleeper and the ballast are modeled by linear springs and viscous dashpots horizontally installed at the ends of the

sleeper against the ground. In order to account for shearing continuity of the particles between the adjacent ballasts,

linear spring and viscous dashpot are introduced between the adjacent ballasts to model shear coupling effects.

Moreover, the ballasts are connected to the ground through linear springs and viscous dashpots in the vertical direction.

In the modelling, the rail between two adjacent sleepers is taken as one beam element. The degrees of freedom of the

beam element in the longitudinal (x-) and torsional directions are not considered. Each sleeper has three degrees of

freedom and each ballast block has one degree of freedom in the vertical direction only. As a result, the nodal

displacement vector of the track subsystem at the ith sleeper can be written as

XT
si ¼ fY rl ;Zrl ; y

Y
rl ; y

Z
rl ;Y rr;Zrr; y

Y
rr ; y

Z
rr;Y p;Zp; yp;Y bl ;Y brg, (3)

where the first subscripts r, p, and b, stand for the rail, sleeper, and ballast, respectively; the second subscripts l and r

stand for left and right side, respectively; and the superscripts Y and Z stand for the axis around which the beam

rotates.

In terms of the general procedure of finite element method, the equation of motion of the track subsystem can be

assembled as

Ms
€X s þ Cs

_X s þ KsX s ¼ Fc
s , (4)

where Ms, Cs and Ks are the mass, stiffness and damping matrix of the track subsystem, respectively; Xs is the total

nodal displacement vector of the track subsystem; and Fc
s is the vector of the contact forces transmitted from the wheels

to the rails at all contact points, which will be discussed in the subsequent section.

2.3. Wheel and rail interaction

Wheel and rail interaction is an essential element that couples the vehicle subsystem with the track subsystem. The

interaction between a wheel and a rail involves two basic issues: the geometric relationship and the contact forces

between the wheel and the rail.

As mentioned before, each wheel-set has three degrees of freedom: the vertical, lateral, and rolling motions with

respect to its mass center. In this study, the vertical motion of the wheel-set is assumed to be independent of its lateral

and rolling motions. The rolling displacement of the wheel-set consists of two parts: one is due to nonuniform

configurations of the right and left rails; and the other is the rolling angle induced by the lateral displacement of the

wheel-set relative to the rails due to the profiles of the wheel and rail cross-sections. Before simulating the interaction of

vehicle and track in cross-wind, a geometric analysis should be carried out to find the geometric contact information as

a function of the lateral displacement of the wheel-set. The geometric contact information includes, but it is not limited

to, the relative rolling angle of the wheel-set to the rails, the position of the contact point between the wheel and rail, the

contact angle at contact point between the wheel and rail, and the radius of curvature at contact point for either wheel

or rail. Under strong cross-wind, the lateral displacement of the wheel-set relative to the rails may be large, which may

cause a strong nonlinearity in the geometric relationship.

Based on the Kalker creepage theory (Kalker, 1990), the creeping forces between the wheel and rail can be

calculated as

Tx ¼ �f 11xx, (5a)

Tz ¼ �f 22xz � f 23xsp, (5b)

Msp ¼ �f 23xz � f 33xsp, (5c)

where Tx, Tz, and Msp are the longitudinal creeping force, lateral creeping force, and spin creeping moment,

respectively; f11, f22 , f23, and f33 are the creepage coefficients; xx, xz, and xsp are the creepage ratios in the longitudinal,

lateral, and spin directions respectively, and they can be expressed as follows:

xx ¼
Vwx � Vrx

VT

; xz ¼
Vwz � Vrz

VT

; xsp ¼
Ow � Or

VT

, (6)

where VT is the nominal traveling speed of the wheel-set; Vwx and Vwz are the velocities of the wheel at contact point in

the longitudinal and lateral direction, respectively; Vrx and Vrz are the velocities of the rail at contact point in the
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longitudinal and lateral direction, respectively; Ow and Or are the rotational velocities of spin motions of the wheel and

rail at contact point, respectively. For large creepage ratios, Kalker’s linear creepage theory may cause some errors in

calculating creeping forces. Johnson’s nonlinear creepage law (Kalker, 1990) can be used to modify Kalker’s linear

creepage theory.

The vehicle subsystem and the track subsystem are coupled through contacts between the wheels and rails. As shown

in Fig. 2, the contact forces transmitted from the wheels to the left and right rails in the Y and Z directions can be

expressed as

F 0yl ¼ Nl cos dl � Tzl sin dl ; F 0zl ¼ Nl sin dl þ Tzl cos dl , (7a)

F 0yr ¼ Nr cos dr þ Tzr sin dr; F 0zr ¼ �Nr sin dr þ Tzr cos dr, (7b)

where N and Tz are the normal contact force and the lateral creeping force between the wheel and rail, respectively; d is

the position angle calculated based on the contact angle and the relative rolling angle of the wheel-set; and the

subscripts l and r stand for the left and right sides, respectively. The contact forces F 0yl ;F
0
yr, F 0zl ;F

0
zr at all contact points

on the rails constitute the force vector of Fc
s in Eq. (4).

In Eq. (2), Fc
v is the vector of forces exerted by the track subsystem on the vehicle subsystem with respect to the mass

center of the wheel-sets. Fig. 2 shows that with the assumption of small displacement, the forces transmitted from the

rails to the wheel-set at its mass center can be expressed as

Fc
vy ¼ F 0yl þ F 0yr; Fc

vz ¼ F 0zl þ F 0zr, (8a)

Mc
vx ¼ ðF

0
yl � F 0yrÞB1=2� ðF

0
zl þ F 0zrÞR0, (8b)

where B1 is the distance between the left and right contact points; and R0 is the nominal radius of the wheel. The forces

Fc
vy, Fc

vz, and Mc
vx acting on all the wheel-sets of the vehicle constitute the force vector Fc

v in Eq. (2).
2.4. Rail irregularity

Rail irregularities provide important self-excitation in a coupled vehicle–rack system. Rail irregularities are, however,

of random nature, and their statistical characteristics are influenced by many factors. For engineering applications, rail

irregularities can be approximately regarded as stationary stochastic processes which can be simulated by numerical

methods. The wheel hunting is usually omitted in the vehicle–track analysis due to its weak effect.

In this study, the lateral, vertical, and rotational irregularities are all assumed to be zero-mean stationary Gaussian

random processes. The rail irregularity profile rðxÞ can then be generated using a simple inverse Fourier transform:

rðxÞ ¼
XN

k¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sðf kÞDf

p
cosð2pf kxþ ykÞ, (9a)
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Fig. 2. Contact forces on wheel-set and rails.
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f k ¼ ðk � 1ÞDf þ
Df

2
; k ¼ 1; 2; . . . ;N, (9b)

where Sðf kÞ is the PSD function (m3/cycle) of the rail irregularity; f k is the spatial frequency (cycle/m); Df is the

increment of spatial frequency; and yk is the random phase angle uniformly distributed from 0 to 2p.

3. Wind forces on ground vehicles

Wind forces acting on a ground vehicle in cross-wind can be divided into two parts: the steady and unsteady

aerodynamic forces. The steady wind forces are due to the mean wind speed component and the unsteady wind forces

are caused by the fluctuating wind speed components of natural wind.

The mean wind speed is assumed to be horizontal and normal to the direction of motion of the vehicle in this study.

Only wind forces acting on the car body of the vehicle are taken into account. Wind forces acting on the car body of the

vehicle refer mainly to drag, lift and moment as shown in Fig. 3. If the vehicle considered is not the first or last vehicle in

a long train, the conventional strip theory and quasi-static theory for long-span bridge decks can be applied to the

aerodynamics of the vehicle (Scanlan and Gade, 1977; Lin and Yang, 1983).

As shown in Fig. 3, the instantaneous wind velocity V and its angle of incidence a can be given by

V2 ¼ ðūþ uÞ2 þ w2; a ¼ arctan
w

ūþ u

� �
, (10)

where ū is the mean wind speed component; u and w are the longitudinal and vertical fluctuating wind speed

components, respectively.

Since the vehicle runs along the track at a constant velocity VT, the wind velocity VR relative to the vehicle and its

yaw angle j can be derived as

V2
R ¼ V2

T þ V2 ¼ V2
T þ ðūþ uÞ2 þ w2, (11a)

tanj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðūþ uÞ2 þ w2

q
=VT . (11b)
uu +

w
V

TV

RV

ϕ

α

SF

LF

M

Fig. 3. Wind forces on a moving vehicle.
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In most locations, the horizontal fluctuation u and the vertical fluctuation w are considerably smaller than the mean

wind speed ū. The higher order fluctuations in Eqs. (10) and (11), such as u2, w2, uw, can be neglected, which leads to

V2 ¼ ū2 þ 2ūu; a � arctan
w

ū

� �
, (12)

V2
R ¼ V2

T þ ū2 þ 2ūu; j � arctan
ū

VT

� �
. (13)

Based on quasi-steady theory, the aerodynamic forces on a moving railway vehicle can be expressed as follows:

FS ¼
1
2
rAV 2

RCFS
ða;jÞ, (14a)

FL ¼
1
2
rAV2

RCFL
ða;jÞ, (14b)

M ¼ 1
2
rAHV2

RCM ða;jÞ, (14c)

where FS, FL and M are the side force, vertical force and rolling moment with respect to the mass center of the car body

in the car body coordinate system, respectively, r is the air density, A is the reference area, H is the reference height,

which is taken as the height of the car body, CF S
, CF L

and CM are the aerodynamic force coefficients, which are the

function of incidence angle a and yaw angle j. Aerodynamic pitch and yawing moments on a long train are small and

neglected in this study. The aerodynamic coefficients can be expanded in Taylor’s series form at a ¼ 0 as

Ciða;jÞ ¼ CiðjÞ þ C0iðjÞa � CiðjÞ þ C0iðjÞ
w

ū
, (15)

where CiðjÞ and C0iðjÞ ði ¼ FS ;FL;MÞ are the side force, lift force and moment coefficients and their derivatives

at a ¼ 0.

By substituting Eqs. (12), (13) and (15) into Eq. (14) and after some manipulations, wind forces on the car body can

be obtained:

FS ¼
1

2
rAV̄

2
RCF S

ðjÞ þ
1

2
rAV̄

2
R CFS

ðjÞ
2ūu

V̄
2
R

þ C0FS
ðjÞ

w

ū

" #
, (16a)

FL ¼
1

2
rAV̄

2
RCFL

ðjÞ þ
1

2
rAV̄

2
R CFL

ðjÞ
2ūu

V̄
2
R

þ C0FL
ðjÞ

w

ū

" #
, (16b)

M ¼
1

2
rAHV̄

2
RCM ðjÞ þ

1

2
rAHV̄

2
R CM ðjÞ

2ūu

V̄
2
R

þ C0M ðjÞ
w

ū

" #
, (16c)

where V̄
2
R ¼ V2

T þ ū2. In the above equations, the first term in each case is the steady aerodynamic force and the last

two terms are called the unsteady aerodynamic or buffeting forces. The aerodynamic admittance functions are often

invoked to reduce the errors involved in quasi-steady theory for the unsteady aerodynamic forces as follows:

Fbu
S ¼

1

2
rAV̄

2
R wFSuðnÞCF S

ðjÞ
2ūu

V̄
2
R

þ wFSwðnÞC
0
FS
ðjÞ

w

ū

" #
, (17a)

Fbu
L ¼

1

2
rAV̄

2
R wFLuðnÞCFS

ðjÞ
2ūu

V̄
2
R

þ wF LwðnÞC
0
FS
ðjÞ

w

ū

" #
, (17b)

Mbu ¼
1

2
rAHV̄

2
R wMuðnÞCM ðjÞ

2ūu

V̄
2
R

þ wMwðnÞC
0
M ðjÞ

w

ū

" #
, (17c)

where wFsuðnÞ, wFLuðnÞ, wFSwðnÞ, wFLwðnÞ, wMuðnÞ, and wMwðnÞ are the aerodynamic transfer functions between the

fluctuating wind velocities and aerodynamic forces, and n is the frequency in Hz. The absolute magnitudes of these

transfer functions are called the aerodynamic admittance functions.

Obviously, the fluctuation components of turbulence, u and w, should be given to determine the unsteady

aerodynamic forces. In this study, the turbulent wind speeds, u and w, are simulated at a series of points along a

horizontal line passing through the mass center of the vehicle. The two-side cross-spectral density matrix S0(o) of each
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fluctuation component is given by

S0ðoÞ ¼

S0
11ðoÞ S0

12ðoÞ � � � S0
1nðoÞ

S0
21ðoÞ S0

22ðoÞ � � � S0
2nðoÞ

..

. ..
. . .

. ..
.

S0
n1ðoÞ S0

n2ðoÞ � � � S0
nnðoÞ

2
666664

3
777775, (18)

where n is the number of points where the fluctuation component is simulated. The simulation is performed using the

following formula:

vjðtÞ ¼ 2
ffiffiffiffiffiffiffi
Do
p Xj

m¼1

XN

l¼1

jHjmðolÞj cosðol t� yjmðolÞ þ fmlÞ, (19a)

ol ¼ ðl � 1ÞDoþ Do=2; l ¼ 1; 2; . . . ;N, (19b)

where v stands for either u or w; N is a sufficiently large number; Do ¼ oup=N is the frequency increment; oup is the

upper cut-off frequency with the condition that, when o4oup, the value of S0(o) is trivial; fml is the sequence of

independent random phase angles uniformly distributed over the interval [0, 2p]; Hjm(o) is a typical element of matrix

H(o), which is defined by the Cholesky decomposition of cross-spectral density matrix S
0(o); and yjm(o) is the complex

angle of Hjm(o).
The time histories of the unsteady aerodynamic forces at n points are computed using Eq. (17) in which fluctuating

wind speeds are interpolated based on Taylor’s frozen turbulence hypothesis in predicting dynamic response of the

coupled vehicle–track system in cross-wind. Furthermore, when the aerodynamic admittance should be taken into

consideration, equivalent wind spectra including the admittance functions can be used to simulate the equivalent

fluctuating wind speeds.
4. Numerical solution

The dynamic response of coupled vehicle–track system in cross-wind is predicted in the time domain in this study.

Since the coupled system is a nonlinear system due to nonlinear contacts between wheels and rails, the

Hilber–Hughes–Taylor a-method (Hughes, 1987), which is regarded as a modified Newmark method, is used to find

numerical solution to avoid spurious high-frequency oscillations in nonlinear contact problems.

In the traditional Newmark method (Chaudhary and Bathe, 1986), the velocity _X tþDt and displacement X tþDt at time

tþ Dt are calculated in terms of the acceleration €X tþDt at time tþ Dt using the following algorithm:

_X tþDt ¼ _X t þ ð1� gÞ €X tDtþ g €X tþDtDt, (20a)

X tþDt ¼ X t þ _X tDtþ ½ð1
2
� bÞ €X t þ b €X tþDt�Dt2, (20b)

where g and b are the two weighting parameters. Let us denote

c0 ¼
1

bDt2
; c1 ¼

g
bDt

; c2 ¼
1

bDt
; c3 ¼

1

2b
� 1, (21a)

c4 ¼
g
b
� 1; c5 ¼

Dt

2

g
b
� 2

� �
; c6 ¼ Dtð1� gÞ; c7 ¼ Dtg. (21b)

Eq. (20) can be rewritten as

€X tþDt ¼ c0ðX tþDt � X tÞ � c2 _X tDt� c3 €X t, (22a)

_X tþDt ¼ _X t þ c6 €X t þ c7 €X tþDt. (22b)

To use the a-method, the equation of motion of either the vehicle subsystem or the track subsystem is modified as

M €X tþDt þ ð1þ aÞC _X tþDt � aC _X t þ ð1þ aÞKX tþDt � aKX t ¼ ð1þ aÞFtþDt � aFt, (23)
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where �1=3pap0. Inserting Eq. (22) into Eq. (23) then yields

K̂X tþDt ¼ F̂ tþDt, (24)

where

K̂ ¼ c0M þ ð1þ aÞK þ c1ð1þ aÞC,

F̂ tþDt ¼ ð1þ aÞFtþDt þMðc0X t þ c2 _X t þ c3 €X tÞ

þ ð1þ aÞCðc1X t þ c4 _X t þ c5 €X tÞ � aðFt � C _X t � KX tÞ.

By using Eq. (24), the displacement of either subsystem can be solved at time step tþ Dt, and the corresponding

velocity and acceleration of the subsystem can then be obtained using Eq. (22). Clearly, if a ¼ 0, the a-method is

reduced to the traditional Newmark method. It is shown that when the parameters are selected as

g ¼ ð1� 2aÞ=2; b ¼ ð1� aÞ2=4, (25)

the a-method results in unconditional stability and second-order accuracy and improves convergence in nonlinear

contact problems.

The main procedure for the numerical integration of the equations of motion of the coupled vehicle and track system

in cross-wind can be summarized as follows:

(a) estimate the motion of wheel-sets based on the motion of two rails and rail irregularities;

(b) estimate the contact forces on the wheel-set based on the contact theory through iteration;

(c) compute wind forces and solve Eq. (2) to find the first approximation of motion of vehicle subsystem;

(d) because of the nonlinear nature of contact forces, an internal iteration is required until the solution of Eq. (2)

converges;

(e) the contact forces computed from the vehicle subsystem are then applied to the track subsystem, and Eq. (4) is

integrated to find the new approximation of motion of the track subsystem;

(f) the steps (a)–(e) are repeated, until the convergence is reached for both Eq. (2) and Eq. (4). At this point a new

time step can be started from (a).
5. Case study

A computer program is written based on the framework discussed above and is used to perform a case study, in

which dynamic responses of a railway vehicle running on a straight track subsystem in cross-wind are predicted, and the

safety and comfort performance of the moving vehicle in cross-wind are assessed.
5.1. Vehicle and track models

The railway vehicle model consists of seven rigid bodies: one car body, two bogies, and four wheel-sets. The seven

rigid bodies are connected with springs and dashpots, forming a vehicle subsystem of 27 degrees of freedom. The main

parameters of the railway vehicle used in the case study are listed in Table 1. The height and length of the car body are

3.2 and 22.5m, respectively. The average static axle load of the vehicle is 10 150 kg. The fundamental frequency of the

railway vehicle is 0.49Hz in the lateral direction and 1.06Hz in the vertical direction.

The railway track model includes two rails and a series of sleepers and ballasts, which are connected to each

other using springs and dashpots. The main parameters of the railway track subsystem are listed in Table 2. The

total length of the track subsystem considered in this case study is 1090m. The spacing distance between two

adjacent sleepers is 0.545m. Thus, there are a total of 2001 sleepers. The distance between the centers of two rails is

1.435m. Both the vehicle and track subsystems used in this study represent a conventional railway line in China (Zhai,

2002).

The cross-section profiles of both rails and wheels are important in considering vehicle and track interaction. The

TB60 rail and worn wheel, commonly used in China for analysis of vehicle and track interaction, are adopted in this

study. Then, the relationships of the relative rolling angle, the contact angle, and others with the lateral displacement of

wheel-set are found (Zhai, 2002). Fig. 4 shows the relative rolling angle and the contact angle as the function of the

lateral displacement of the wheel-set at a zero yaw angle. The sign of the angles complies with the X–Y–Z coordinate

system shown in Fig. 1. Clearly, there relations are strongly nonlinear.
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5.2. Wind forces on vehicle

For simulation of the railway vehicle and track interaction in cross-wind, the aerodynamic data, including both

steady force coefficients and turbulence characteristics, for the moving vehicle are required. Several researchers have

acquired some valuable results in this aspect using either an experimental or a numerical approach.
Table 2

Main parameters of the track model used in the case study

Parameter Unit Value

Distance between the centers of two rails m 1.435

Sleeper spacing m 0.545

Mass of steel rail per unit length kg/m 60.64

Mass of sleeper kg 237

Lumped mass of ballast kg 739

Vertical bending stiffness of rail MNm2 6.62

Lateral bending stiffness of rail MNm2 1.079

Thickness of ballasts m 0.45

Density of ballasts kg/m3 1800

Elastic modulus of ballasts MPa/m 1.1� 108

Vertical stiffness of pads and fasteners MN/m 120

Vertical damping of pads and fasteners kN s/m 75

Elastic modulus of roadbeds MPa/m 8.0� 107

Vertical stiffness of roadbeds MN/m 65

Vertical damping of roadbeds kN s/m 31

Table 1

Main parameters of the vehicle model used in the case study

Parameter Units Value

Half distance of two wheel-sets (q) m 1.200

Half distance of bogie (s) m 9.0

Half span of the 1st suspension system (a) m 0.978

Half span of the 2nd suspension system (b) m 0.978

Mass of wheel-set (Mw) kg 1900

Mass moment of inertia of wheel-set around x-axis (Iw) kgm2 1067

Distance between car body and 2nd suspension system (h1) m 1.415

Distance between 2nd suspension system and bogie (h2) m �0.081

Distance between bogie and wheel-set (h3) m 0.14

Radius of wheel (Rw) m 0.4575

Mass of bogie (Mb) kg 1700

Mass moment of inertia of bogie around x-axis (IbX) kgm2 1600

Mass moment of inertia of bogie around y-axis (IbY) kgm2 1700

Mass moment of inertia of bogie around z-axis (IbZ) kgm2 1700

Mass of car body (Mc) kg 29 600

Mass moment of inertia of car body around x-axis (IcX) kgm2 58 020

Mass moment of inertia of car body around y-axis (IcY) kgm2 2 139 000

Mass moment of inertia of car body around z-axis (IcZ) kgm2 2 139 000

Lateral damping of 1st suspension system (per side) (Ch1) N s/m 25 000

Lateral damping of 2nd suspension system (per side) (Ch2) N s/m 0

Lateral stiffness of 1st suspension system (per side) (Kh1) N/m 5 100 000

Lateral stiffness of 2nd suspension system (per side) (Kh2) N/m 300 000

Vertical damping of 1st suspension system (per side) (Cv1) N s/m 30 000

Vertical damping of 2nd suspension system (per side) (Cv2) N s/m 108 700

Vertical stiffness of 1st suspension system (per side) (Kv1) N/m 873 000

Vertical stiffness of 2nd suspension system (per side) (Kv2) N/m 410 000
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The steady coefficients of the side force, vertical force and rolling moment on the vehicle used in this case study are

depicted in Fig. 5 as a function of the wind yaw angle. These coefficients are quite similar to those reported by Baker

et al. (2003). Also given in Fig. 5 is the derivative of steady side-force coefficient with respect to wind inclination at zero
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angle. The derivatives of other force (moment) coefficients are not available. It is noted that the steady coefficients of

side force, vertical force, and rolling moment at the yaw angle of 901 are 1.1, 0.5, and 0.8, respectively.

In the simulation of unsteady aerodynamic forces on the vehicle, the following von Kármán longitudinal and vertical

wind auto-spectra are adopted (Simiu and Scanlan, 1996):

nSuuðnÞ

s2u
¼

4
Lun

ū

1þ 70:8
Lun

ū

� �2
" #5=6 , (26a)

nSwwðnÞ

s2w
¼

4
Lwn

ū
1þ 755

Lwn

ū

� �2
" #

1þ 283
Lwn

ū

� �2
" #11=6 , (26b)

where su and sw are the standard deviations of fluctuating wind in the longitudinal and vertical direction, which are

taken as 0.15u and 0.075u, respectively, in this study, n is the frequency in Hz, and Lu and Lw are the integral length

scales of fluctuating wind in the longitudinal and lateral directions, which are set to 45 and 15m, respectively, in

this study.

The turbulence coherence which defines the statistical dependency between the turbulence components at two

different points is given by

ffiffiffiffiffiffiffiffi
coh
p

¼ exp �
CDn

ū

� �
, (27)

where C is the decay factor selected as 10 for longitudinal turbulence and 8 for vertical turbulence; D is the distance

between the two points. Because of lack of information, the aerodynamic admittance functions for the unsteady

aerodynamic forces are assumed to be equal to unity, and the co-spectra between the longitudinal and vertical

turbulence components are set to zero.

Based on the wind spectra and coherence functions, time histories of longitudinal and vertical fluctuating wind speeds

are simulated along the line of track subsystem at the level of vehicle mass center and at a distance interval of 5m. The

total number of the time histories is 219 in either the longitudinal direction or the vertical direction. The duration of

each time history is 164 s, and the sampling frequency is 50Hz. The unsteady aerodynamic forces on the moving vehicle

can then be computed using Eq. (17) and applied to the vehicle based on Taylor’s frozen turbulence hypothesis with a

proper interpolation at a given time.

5.3. Rail irregularity

In this case study, vertical and lateral irregularities are considered for both the right and left rails of the track

subsystem. The rail irregularity in railway engineering is often represented by a one-sided PSD function. The PSD

functions of rail irregularities developed by the Research Institute of China Railway Administration (Zhai, 2002) are

used in this case study. All of rail irregularities are expressed using a unified rational formula as

Sðf Þ ¼
Aðf 2
þ Bf þ CÞ

f 4
þDf 3

þ Ef 2
þ Ff þ G

mm2=m�1, (28)

where f ¼ 1=l is the spatial frequency in cycle/m (l is the wavelength); A to G are the specific parameters but they are

different for vertical and lateral rail irregularities. The values of these parameters can be found in Zhai (2002). Fig. 6

displays simulated vertical and lateral rail irregularities of the right and left rails. In the simulation, the length of the

track subsystem is taken as 1090m and the sampling points are 2001, which is the same as the number of sleepers.

5.4. Response of coupled vehicle–track system in cross-wind

Let us consider that the vehicle runs at a constant velocity of 160 km/h in cross-wind. The wind is normal to the

motion of the vehicle and of 20m/s at the level of the vehicle mass center. The relative wind velocity VR is, therefore,

48.7m/s and the wind yaw angle j is 241.
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Fig. 6. Vertical and lateral rail irregularities: (a) vertical irregularity of left rail; (b) vertical irregularity of right rail; (c) lateral

irregularity of left rail; (d) lateral irregularity of right rail
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Fig. 7 depicts the time histories of vertical and lateral displacement responses of the car body at its center with and

without wind forces. Fig. 8 displays the time history of lateral displacement response of the first wheel-set of the vehicle

with and without wind forces. It can be seen that both steady and unsteady aerodynamic forces have significant

influence on the vertical and lateral displacement responses of the moving vehicle, in particular in the lateral direction

where the lateral displacement of the car body is very small without wind forces but increases significantly under wind

forces. Figs. 9 and 10 show the time histories of vertical and lateral acceleration responses of the car body at its center

without and with wind forces, respectively. Compared with the displacement responses of the car body, effects of

unsteady aerodynamic forces on acceleration responses of the car body are relatively smaller. Figs. 11 and 12 show the

horizontal and vertical contact forces between the first wheel-set and rails on both windward and leeward sides without
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Y.L. Xu, Q.S. Ding / Journal of Fluids and Structures 22 (2006) 295–314308
and with wind forces, respectively. It can be seen that, without wind forces, the horizontal contact forces on the

windward rail and the leeward rail are similar in magnitude but opposite in direction. The vertical contact forces on the

windward rail and the leeward rail are similar in both magnitude and direction. With wind forces, both the horizontal

and vertical contact forces on the leeward side are much larger than those on the windward side. The horizontal and

vertical contact forces on the leeward side are also much larger with wind forces than without wind forces. Wind forces

thus certainly affect the safety and comfort performance of the moving railway vehicle.



ARTICLE IN PRESS

0 5 10 15 20
-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

V
er

tic
al

 a
cc

l. 
(m

/s
2 )

La
te

ra
l a

cc
l. 

(m
/s

2 )

Time (sec)(a) 

0 5 10 15 20
-0.4

-0.2

0.0

0.2

0.4

Time (sec)(b) 

Fig. 9. Acceleration responses of the car body at its center without wind forces (VT ¼ 160 km/h); (a) vertical acceleration; (b) lateral

acceleration.

0 5 10 15 20
-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

V
er

tic
al

 a
cc

l. 
(m

/s
2 )

Time (sec)

0 5 10 15 20
-0.4

-0.2

0.0

0.2

0.4

La
te

ra
l a

cc
l. 

(m
/s

2 )

Time (sec)

(a)

(b)

Fig. 10. Acceleration responses of the car body at its center with wind forces (ū ¼ 20m=s, VT ¼ 160km/h): (a) vertical acceleration; (b)
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To know if the elasticity of the track subsystem will affect the coupled vehicle–track system in cross-wind, the

responses of the coupled vehicle–track system in cross-wind are also computed using a rigid track subsystem, in which

the stiffness of all springs in the original track subsystem are assumed to be infinite large. The displacement responses of

the car body running on the elastic and rigid track subsystem are plotted in Fig. 13 for both vertical and lateral

directions. It can be observed that both the lateral and vertical displacement responses of the car body running on the

elastic track subsystem are almost the same as those running on the rigid track subsystem. This is because the stiffness

of the track subsystem used in this study is much higher than that of the railway vehicle. However, if the stiffness of the
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Fig. 11. Horizontal and vertical contact forces between the first wheel-set and rails without wind forces (VT ¼ 160km/h): (a) windward

side; (b) windward side; (c) leeward side; (d) leeward side.
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Fig. 12. Horizontal and vertical contact forces between the first wheel-set and rails with wind forces (ū ¼ 20m=s, VT ¼ 160km/h):

(a) windward side; (b) windward side; (c) leeward side; (d) leeward side.
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track subsystem is comparable with that of the vehicle, the elastic track subsystem rather than the rigid track subsystem

should be used.

5.5. Safety and ride comfort performance

The safety of a railway vehicle concerns mainly derailment. There are two important factors that should be

considered in the evaluation of the safety of a railway vehicle. One is the derail factor defined as the ratio of lateral force

Q acting on the wheel to the total vertical force P acting on the same wheel. The total vertical force is the sum of the

self-weight of the vehicle per wheel and the dynamic vertical forces on the wheel. The other factor is the load reduction

factor defined as the ratio of the reduction in the vertical force to the static wheel load,

DP=P0 ¼ ðP� P0Þ=P0, (29)

in which P0 is the static wheel load and DP is the reduction in the wheel load with respect to P0. The allowable derail

factor (Q/P) and load reduction factor specified in the Chinese design guideline are 1.0 and 0.6, respectively (Zhai,

2002). Therefore, if the conditions

Q=Pp1:0; DP=P0p0:6 (30)

are satisfied at the same time, the railway vehicle is said to be safe.

The ride comfort of the passenger coach in a running train can be assessed using the Sperling comfort index that is

defined as

W ¼ 0:896
a3

f
F ðf Þ

� �1=10

, (31)

where a is the acceleration of the car body in cm/s2; f is the frequency in Hz; and F(f) is the modification coefficient of

frequency. For vertical vibration,

F ðf Þ ¼

0:325f 2
ðf ¼ 0:5�5:9HzÞ;

400=f 2
ðf ¼ 5:9�20HzÞ;

1 ðf4200HzÞ;

8><
>: (32a)

for lateral vibration,

F ðf Þ ¼

0:8f 2
ðf ¼ 0:5�5:4HzÞ;

650=f 2
ðf ¼ 5:4�26HzÞ;

1 ðf426HzÞ:

8><
>: (32b)

The acceleration response of the car body is random due to random wind forces and rail irregularities and it contains

a wide range of vibration frequencies. Thus, the Sperling comfort index is calculated for a series of frequencies based on

the Fourier spectrum of the acceleration response time history. Its mean value is then taken for the assessment of the
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vehicle comfort. The allowable value of vehicle comfort specified in the Chinese design guideline is 3.0 for both lateral

and vertical vibrations.

To investigate the effects of wind speed on the safety and ride comfort of the railway vehicle concerned in this study,

both displacement and acceleration responses of the coupled vehicle and track system are computed for mean wind

speeds ranging from zero to 30m/s at 5m/s intervals. The running speed of the vehicle remains at 160 km/h. The

computed results relating to the safety and comfort indexes of the vehicle are listed in Table 3. The variations of the

derail factor and the load reduction factor with wind speed are plotted in Fig. 14. It can be seen that the safety of

the vehicle is controlled by the load reduction factor rather than the derail factor. Based on the allowable value of the

load reduction factor, DP=P0 ¼ 0:6, the critical wind speed should be about 21m/s. It is also noted that, even at the

critical wind speed, the lateral Sperling index is less than 2, indicating that the ride comfort is satisfactory.

Generally speaking, the safety and comfort performance of the vehicle also vary with vehicle speed. However, wind

forces on the moving vehicle concerned in this study are dominated by wind speed rather than vehicle speed. It is noted

from the analysis that the effects of vehicle speed on the safety and comfort performance are relatively small.

Nevertheless, further studies are required to investigate effects of vehicle speed on safety and comfort performance

when the required experimental data are available.
6. Concluding remarks

The framework for simulating railway vehicle and track interaction under cross-wind has been presented in this

paper. The vehicle subsystem, represented by a 27-degree-of-freedom dynamic system, and the track subsystem,
Table 3

Safety and comfort performance of the vehicle used in the case study

Wind velocity (m/s) Derailment factor (Q/P) DP=P0 Lateral Sperling index (W) €Zmax (m/s2)a

0.0 0.074 0.285 1.413 0.234

5.0 0.077 0.293 1.413 0.234

10.0 0.087 0.350 1.414 0.236

15.0 0.101 0.446 1.420 0.237

20.0 0.129 0.580 1.537 0.327

25.0 0.156 0.753 1.703 0.437

30.0 0.216 0.969 2.016 0.678

a €Zmax ¼the maximum lateral acceleration at the center of the car body.
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modeled as two continuous beams supported by a discrete-elastic foundation of three layers, are coupled through

contacts between wheels and rails, with vertical and lateral rail irregularities included. The steady and unsteady

aerodynamic forces on a moving railway vehicle in cross-wind are simulated in the time domain.

The proposed framework is applied to a railway vehicle running on a straight track substructure in cross-wind. The

results demonstrate that wind forces have significant effects on vehicle responses, in particular in the lateral direction.

The results also show that the lateral and vertical displacement responses of the car body running on the elastic track

subsystem are almost the same as those running on the rigid track subsystem for the coupled vehicle–track system

considered in this study. Furthermore, the safety of the vehicle is controlled by the load reduction factor rather than the

derail factor: the critical wind speed is about 21m/s when the vehicle speed is 160 km/h (44.4m/s). The ride comfort

performance of the vehicle is satisfactory. It should be noted that all the conclusions made in this paper remain strictly

valid only for the particular models and assumptions adopted in this study.
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